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■ Abstract: In this paper, we intend to evaluate and analyze the statefinder parameters in 

■ f{T) cosmology. Friedmann equation in f{T) model is taken, and the statefinder parameters 
{r, s} are calculated. We consider a model of f{T) which contains a constant, linear and 

(-H , non-linear form of torsion. We plot r and s in order to characterize this model in the {r, s} 

plane. We found that our model /(T) — 2C\\J —T + dT + C2, predicts the decay of dark 
^ ■ energy in the far future while its special case namely teleparallel gravity predicts that dark 
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energy will overcome over all the energy content of the Universe. 
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I. INTRODUCTION 

The incompatibility of General Relativity (GR) as a complete theory of gravity came to light 
when the recent cosmological observations from la supernovae, CMBR via WMAP, galaxy redshift 
surveys via SDSS and and galactic X-ray indicated that the observable Universe enters into an epoch 



of accelerated expansion 



In the quest of finding a suitable model for Universe, cosmologists 
started to investigate the root cause that is responsible for this expansion. Existence of a mysterious 
negative pressure component which violates the strong energy condition i.e. p + 3p <0 is proposed 
as one of the major alternatives responsible for the recent cosmic acceleration. Because of its 
invisible nature this energy component is aptly termed as dark energy (DE) [5] (also see a recent 
review on DE [6]). Quite surprisingly, observations show that about 70 percent of the Universe 
is filled by this unknown ingredient and in addition that about 25 percent of this is composed by 
dark matter (DM). 

The simplest model for the accelerating universe is the Universe associated with a tiny cosmo- 
logical constant A [7]. But it was soon found that the model suffered from fine tuning and cosmic 
coincidence problems. So the search for a better model continued. With the passage of time, 
various models of DE were proposed and subsequently developed. Some of^them are quintessence 
scalar fields Ql, Chaplygin gas Q], phantom energy field |lo|, f-essence 



energy models 
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111 ] and interacting dark 



IJ]. As so many cosmological DE models started appearing in the scene grad- 
ually, it became an utmost necessity to devise a method that will be able to either qualitatively 
or quantitatively differentiate between the various DE models. Hence in order to bring about this 
discrimination between the various contenders, Sahni et al [l^ proposed a new geometrical diag- 
nostic named the statefinder pair {r,s}. Clear differences for the evolutionary trajectories in the 
r — s plane have been found for different dark energy models in |16i]. The statefinder parameters 
are defined as follows, 

r=-^ s= ^"^ (1) 

where a is the scale factor of the Universe, H is the Hubble parameter, a dot denotes differentiation 
with respect to the cosmic time t and q is the deceleration parameter given by, 

It is found that for the ACDM model, r = 1 and s = 0. 

In order to bring about the discrimination between various DE models the trajectories in the 
r—s plane for these models are generated. The distances of the contrasting r—s trajectories of these 
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models from (0, 1) point is computed. These computed distances, as expected, vary significantly 
from model to model, thus giving us an extremely useful tool to differentiate between various 
cosmological DE models. Thus the difference in the trajectory from the standard ACDM model 
produces the required discrimination and characterizes the given model up to a great extent 17 1. 

A section of cosmologists concentrated on the left hand side of the Einstein's equation {G^y = 
SttGT^u) rather than the right hand side in order find an effective modification that will admit 
the recent cosmic acceleration in its framework. They ended up modifying the Einstein gravity 
and giving birth to various modified gravity theories. This alternative method along with the 
concept of DE have gained enormous popularity in the cosmological society since it passes several 
solar system and astrophysical tests successfully [18]. It is found that both the methods (DE and 
modified gravity models) can successfully account for the recent cosmic acceleration inde pen dently. 
In the context of modified gravity theory it is worth stating that Loop quantum gravity 19|, extra 



dimensional braneworlds [20], f{R) [2ll], /(T) 3" 25] are some of the popular modified gravity 
models. 

An attempt to unify gravitation with electromagnetism gave birth to Teleparallelism (Einstein) . 
But as the years passed by scientists lost interest in this concept of unification because of the con- 
ceptual and physical diversity of various physical theories. As a result, today teleparallelism stands 
just as__a_theory of gravity. Teleparallel gravity corresponds to a gauge theory for the translation 
group 



26(1 . Einstein introduced the crucial new idea of a tetrad field in this theory. Here the space- 
time is characterized by a curvature-free linear connection, called the Weitzenbock connection. 
Since the space-time is free from curvature, it is quite evident that the theory in its physical aspect 
is quite different from the Einstein gravity, whose main feature is curvature. In Teleparallelism, 
curvature is in fact substituted by torsion, another physical tool responsible for the dynamics of 
space-time. In the framework of general relativity (GR), curvature is used to geometrize space-time, 
thus successfully describing the gravitational interaction between particles. But in Teleparallelism, 
the role of gravitation is played by torsion not by geometrizing the interaction (unlike curvature), 
but by merely acting as a force. This implies that, in the teleparallel gravity, instead of geodesies, 
there are force equations, which are analogous to the Lorentz force equation of electrodynamics 



261 1 thus bridging the two theories upto certain extents. 

The paper is organized as follows. In section II, the basic equations for the f{T) model is 
discussed and the statefinder parameters are calculated. In section III, a model of /(T) gravity is 
considered, and the statefinder parameters are evaluated. A detailed physical analysis is done in 
section IV. Finally we end with some concluding remarks in section V. 
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II. /(T) GRAVITY AND DYNAMICAL EQUATIONS 



f(T) gravity developed as an alternative theory for GR, defined on the Weitzenbock manifold, 
working only with torsion with no curvature. A manifold is divided into two separate parts con- 
nected with each other. One part having a Riemannian structure with a definite metric described 
on it and another part having a non-Riemannian structure with torsion or non-metricity. The part 
having zero Riemannian tensor but having non zero torsion represents a Weitzenbock spacetime. 



If /(T) = T , this theory reduces to teleparallel gravity 



28l |. It is seen that with linear T , this 



model has many common features like GR and satisfies some standard tests of the GR in solar 
system [^l- A general model of f{T) was proposed only a few years back {29^. This model has 



many important features. Birkhoffs theorem has already been studied in this gravity 



301]. The 



authors in [31[ investigated perturbation in f{T) anc 
grows slower than that in Einstein GR. Bamba et al 



found that the perturbation in /(T) gravity 



32] studied the evolution of equation of state 



parameter and pha ntom crossing in f{T) model. Emergent Universes in chameleon f{T) model is 
investigated in 3311. Also it is found that the dark matter problem can be addressed and resolved 
in f{T) gravity [341]. In this paper we intend to perform a complete analysis of the statefinder 
parameters in various f{T) models. 



A suitable form of action for f{T) gravity in Weitzenbock spacetime is 

5 = ^y d^xe{T + f{T)+Cm). 



29] 



Here e = det{e] 



-9, 1^ 



SvrG and e* is the tetrad (vierbein) basis. The dynamical quantity 



of the model is the vierbein and is the matter Lagrangian. The Friedmann equation in this 
form of the /(T) model 



291 ] is given by, 



1 



f 



(3) 



1 + 2/t V 3 " 6 

where p = Pm, while pm represents the energy densities of matter. Here fr = ^ and / is a function 
of T. 

Another FRW equation is 



P + P 



2 \l + fT + 2TfTT 



Here Jtt 



It is useful to rewrite the equations ([3]) and in the following suitable form 



H 



(Pm + Pt) , 
.2 

TT {Pm + PT+Pt) 



(4) 

1 

(5) 
(6) 
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where 



1 

PT = ^ 



L+[2H -T] fr + ATHfTT 



The dimensionless density parameters are defined by 



(7) 
(8) 

(9) 



Easily we can write the following expression for deceleration parameter q and equation of state 
(EoS) parameter w, 



Further, the evolutionary equation for reads 



nr = 3Ht(^^-^- 2/Tr) (1 + wQt) • 



(10) 



(11) 



The state finder parameter r can also be written as 



r = 2q^ + 



H 



(12) 



Using equations (fTO]l and (fTTl) in (fT2]) we obtain the statefinder parameters for f{T) cosmology: 



1 + 3 -l + 4i7$mT + 1 + 3 -l + 4i/$mr 



3 

'2HI 



Mt + 3u;F (1 + wHt) ( y - ^ - 2/tt 



(13) 



2{r - I) 



where 



9(-1 + 4F^>)J1t 



w = A(H<^ + HT—y 



(14) 



(15) 



III. STATEFINDER PARAMETERS FOR A PARTICULAR /(T) 



In order to avoid analytic and computation problems, we choose a suitable expression for /(T) 



which contains a constant, linear and a non-linear form of torsion, specifically 



f{T) = 2CiV^ + aT + C2 



(16) 



6 



0.730000000 



0.729999999 



0.729999998 



0.729999997 



0.729999996 




0.7300000- 



-10- 



-20- 



0.7299999- 



0.7299998 



0.7299997- 



0.7299996- 



0.02 0.04 0.06 0.08 0.10 



0.2 



ln(a) 




10 12 14 16 18 20 



20 
10 


-10 
-20 
-30 
-40 
-50 
-60 
-70 



).4 O.f 



0.8 



0.2 



0.4 0.6 



0.8 



FIG. 1: {Top Left) Cosmic energy density parameter Cl against time. {Top Right) Cosmic energy density 
parameter fl against logarithmic scale factor. {Middle Left) Evolution of scale factor with time. {Middle 
Right) Statefinder parameters {r, s} against each other. {Bottom Left) Parameter r vs time. {Bottom Right) 
Parameter s vs time. While plotting these figures, we assumed Clom — 0.2, C2 = 0, a = 0.2, flao ~ 0.73, 
Ho 74. 
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FIG. 2: [Left) Cosmic energy density parameter f2 against time for teleparallel gravity. [Right) Cosmic 
energy density parameter U, against logarithmic scale factor for teleparallel gravity. Here we put Ci = and 
6*2 — 0.1 and used the same initial conditions as Figure-1. 



where a, Ci and C2 are arbitrary constants. Note that choosing Ci = in (|T6|) leads to teleparallel 
gravity. 

In this model the combination of the first and the third term corresponds to the EoS of the 
cosmological constant in the framework of f{T) gravity 36|]. In this way by shuffling various terms 



or by the introduction of new terms, cosmologists all over the world have succeeded in establishing 
different models. In fact many of them have been reconstructed from various dark energy models. 
The model in equation (jl6p that we are currently dealing with may have been inspired from the 
proposed model of Veneziano ghost [s^] • 

As a matter of fact this model was preferentially chosen over other alternatives, purely because 
of its simplicity as far as numerical computation is concerned. Another advantage of this model 
is that the obtained results are easier to compare or differentiate from the corresponding results 
in GR. In order to facilitate this, the linear middle term is included in the model. In connection 
with this model, it is worth stating that Capozziello et al [38] made an attempt to investigate the 
cosmography of f{T) cosmology by using data from BAO, Supernovae la and WMAP. The analysis 
performed by Capozziello and his colleagues unveiled the fact that by choosing C2 = 0, a = ilmo 
and Ci = V^Hq (OmO — 1)5 it is possible to estimate the parameters of our proposed f{T) model as 
functions of Hubble parameter Hq, the cosmographic parameters and the value of matter density 
parameter. 
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Using this model we have the following expressions for the statefinder parameters, 



72 {H{t)y 



U4{-H{t)\ H{t)nmo + U^H{t)n^o^ (j^HitU +432 {H{t)fnmo^-H{t) 



+216 {H {t)f ^mOj^H (t) - 72 {H {t)f ( (t) ) QmO + 72 {H {t)f + 324 {H {t)f QmO 



dt^' 



+324 {H{t)yn 



mO 



(17) 



18iH{t)f(6{Hit)f + iiH{t) 



+144 {H {t)f n^o j^H (t) + 72 {H {t)f (t) - 24 ( (t) ) {H {t)f + 108 {H {t)f 



^3 d 
df 



(- 



+108 {H{t)fnmO 



(18) 



where is the present dimensionless fractional matter density, such that Q 



mO 



PmO 



. Here p 



mO 



is the present matter density and Hq is the present Hubble parameter. In accordance with the 
current observational data the value of is almost equal to 0.27. It is interesting to note that 
for present time the {r, s} parameters take the form 



r = l + 4.50^o(l + f^mo), 

S = 1 + VimO- 



(19) 
(20) 



IV. NUMERICAL RESULTS AND PHYSICAL ASPECTS 

In this section, we will solve the time evolutionary equations ([6]) and (jlip by numerical algo- 
rithms. We adopt the initial conditions as = 0.2, C2 = 0, a = 0.2, Vido = 0.73, Hq = 74. It is 
observed that these are regular solutions and the generic form of the solutions is independent from 
the initial conditions imposed on the functions. In figure-1, the top left and right figures represent 
the evolution of density parameter VLt against time and logarithmic scale factor. In either figures, 
it is easily seen the energy density parameter decreases and vanish in the far future. This shows 
that if dark energy is represented by the torsion of space, it will decay in far future. Moreover 
the middle left figure in the same panel shows that the slope of logarithmic scale factor is concave 
downwards, i.e. the model predicts deceleration on account of decaying dark energy. Middle right 
figure shows the trajectory of the chosen /(T) in the {r, s} plane. The bottom left and right figures 
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give the evolutionary trajectories of r and s independently. It is interesting to note that trajec- 
tories of both parameters are essentially identical except the rescaling of the vertical coordinate. 
In figure-2, we plot figures for the teleparallel gravity by choosing Ci = 0, and adopting the same 
initial conditions. Contrary to the previous case, the teleparallel gravity predicts the increase in 
the dark energy density i.e. ily — )■ 1. In other words, the dark energy component due to torsion 
will overcome on all the remaining energy content of the Universe. 

V. CONCLUSION 

We have performed a complete analysis of statefinder parameters in f{T) gravity, which is a 
mere modification of the teleparallel gravity once proposed by Einstein. We considered a model 
containing linear and non-linear terms of T) have been considered and a complete diagnosis of the 
statefinder parameters have been carried out. Plots have been generated for the statefinder param- 
eters r and s with respect to the Hubble parameter H, for different values of model parameters. 
This gives us a clear notion about the nature of the modified gravity theory f{T) and its governing 
dynamics. Specifically we found that our model /(T) = 2Ci\/—T + aT + C2, predicts of decay of 
dark energy in the far future while its special case namely teleparallel gravity predicts that dark 
energy will overcome over all the energy content of the Universe. We hope that by comparing the 
statefinder analysis illustrated in this work with the future observational data, f{T) models can 
be distinguished from the ACDM model. 
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